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Introduction

HE epicycle description of an orbit! is an analytic formulation

of the orbit of a satellite about an axisymmetric Earth. It has
a simple analytic form, which is capable of describing all of the
gravitational perturbative effects to O(10~7). Unlike more rigorous
treatments, the epicycleapproachhas a simple geometricinterpreta-
tion and greater mathematical simplicity than conventionaldescrip-
tions of the perturbed motion, such as SGP4.2 At the same time, it is
also sufficiently accurate to describe the motion of a low-Earth-orbit
(LEO) satellite over its lifetime for present-day applications.

To describe the orbit of a satellite requires knowledge of six pa-
rameters: the semimajor axis a; eccentricity e; inclination i; right
ascension of the ascending node, €2; argument of perigee, w; and
time of some perigee passage, f,,. Different descriptions of the orbit
of a satellite rely on different definitions of these parameters, which
often vary only very subtly. The most easily available data on the
orbits of satellites is from NASA, who provides the North Ameri-
can Aerospace Defense Command (NORAD) elements. These are
freely available by public Internet access® and provide accurate de-
scriptions of satellite orbits. To use these elements, there is an orbit
propagator SGP4, which is also freely available.

There are a number of advantages in having a simple analytic
description of the orbits of satellites, mostly related to satellite au-
tonomy. The autonomousdeterminationof a satellite orbitis becom-
ing viable with the success of satellite global positioning systems
and an analytic formulation of the orbit greatly reduces the com-
putational load of this task. Analytic forms for satellite orbits also
enable the computation of orbit-related data such as the rise and set
times over a particular location on the globe® that can be used by
autonomous satellites for image capture or data download. Finally,
autonomous orbit maneuvering as required in formation flying can
be more efficiently achieved using good analytic models.

The purpose of this Note is to relate the NORAD orbital elements
to the epicycle description of a satellite orbit so that these freely
available data sets can be used either by SGP4 or in an epicycle
formulation of satellite orbits. We first describe the relationship
between the NORAD elements and the epicycle elements; we then
compare results of propagating the orbit using both SGP4 and the
epicycle approach to show the level of consistency achieved.
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Element Sets Conversion

NORAD* maintains general perturbation element sets for some
residentspace objects. These element sets are periodicallyrefined to
maintain a reasonable prediction capability on all space objects. In
turn, these element sets are provided to users. The NORAD element
sets are mean values obtained by removing periodic variations in
a particular way. To obtain good predictions, these periodic varia-
tions must be reconstructed (by the prediction model) in exactly the
same way they were removed by NORAD. Hence, inputting NO-
RAD element sets into a different model (even though the model
may be more accurate, such as a numerical integrator) will result
in degraded predictions. The NORAD element set can only be used
with one of the models described in Ref. 2. They are currently pro-
vided for the SGP4 users, for whom the value of the mean motion is
slightly altered, and a pseudodrag term (71/2, where 7 is the rate of
change of mean motion) is generated. The element set consists of
{ny,en, iy, Qy, oy, My} which are the mean motion, eccentricity,
inclination,rightascensionof ascendingnode, argument of perigee,
and mean anomaly at the epoch.

In the epicycle formulation, the satellite orbits around an axisym-
metric Earth model, and therefore, energy is conserved. This is used
to define the semimajor axis of the orbit. This is a constantalong the
orbit, which corresponds to the mean orbital radius used in SGP4.
Hence, we can determine the semimajor axis from

&= —(u/2a) 6))

where ¢ is the specific orbital energy of the satellite and u is the
gravitational parameter. This is related to the NORAD mean motion

through
agp = \/3 u/ny

where a is the epicycle semimajor axis.

The inclination and ascending node define an osculating orbital
plane that contains the position and velocity vectors of the satel-
lite, rather than a mean orbital plane as used in SGP4. We can
relate the epicycle inclination and right ascension of the ascending
node ip, 2 to the NORAD parameters by incorporating the short
periodic variations of the osculating orbital plane:

2)

(3)

ig =iy — 3J,(R/a)* sin2ig cos 2w,

Qr =§2N+%J2(R/a)2cosiE sin 2aq “4)
where R is the radius of the Earth and « is related to the mean
anomaly along the orbit. The epicycle phase « is measured from the
ascendingnode of the satellite’s orbit and so is approximately given
by a =wy + My, where @ =nyt.

There are two corrections that must be taken into account in de-
termining o. The first is due to the eccentricity of the orbit, and
the second is a small O(J;) correction that gives a long periodic
variation to the eccentricity. We incorporate these corrections into
« as follows:

oy =wy + My~ (J3/2J5)(R/a)sinig cosoy + ey sin(og —ap)
(5)

where o p is the epicycle phase at the perigee passage. This is taken
to be

(6)
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We need to solve Egs. (3) and (5) simultaneouslyto find the epicycle
parameters i and «. Once these have been solved for, we can
find Q.

The remaining parameterin the epicycle formulationis the eccen-
tricity ey. Because we have incorporated the long periodic effects
into « , then the eccentricity is just

ey =¢ey 7

This completes the determination of the epicycle parameter set
{ag, ey, ig, Q, ap, ap}.

Results

To determine the accuracy of this conversion to the epicycle el-
ement set, we proceed as follows. Using the SGP4 propagator, we
compute the satellite position and velocity at future times. In the
epicycle formulation, the location of the satelliteis given by the re-
dundantset of coordinates (r, A, i, ), where r is the radial distance
of the satellite from the center of the Earth and A is the argument of
latitude measured on the orbital plane. We can access these quanti-
ties inside SGP4 because r, i, and 2 are all computed in the SGP4
iteration and X is equated to the internal variable u. We compare the
elements i and 2 with the predictions using the epicycle equations
(Figs. 1 and 2).

Figures 1 and 2 show agreementof the orbitalinclinationto within
1077 rad over elapsed times of 7 days. The right ascension of the
ascending node has a secular drift due to differences in the com-
putation of the secular drift. The magnitude of the difference in
ascending node is less than 10~* rad after 1 week, which corre-
sponds to an error in the drift rate of 1070 rad/s. This confirms a
highlevel of agreementbetween SGP4 and the epicycle formulation
for the orbital plane.

We next compared the position of the satellite on the orbital plane
(r, 1) (Figs. 3 and 4).

Again we see a secular drift in the argument of latitude. This
arises from the secular variation of the argument of perigee due to
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Fig.2 Ascending node comparison.
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Fig.4 Argument of latitude comparison.

the Earth’s oblateness. The level of error in argument of latitude
after 7 days is roughly 10~* rad, which shows a similar level of
error in the secular term to that found in the ascending node.

We note that the argument of latitude has a constant offset error
when compared with SGP4 of order 10~* rad. Unlike the secular
term discussed earlier, this error does not grow in time, and so
represents an acceptable error. We have determined that this error
arises from the determination of the mean anomaly in SGP4. The
argument of perigee is determined with the inclusion of J; and J}
terms, but the mean anomaly includes only the J}? term. Looking
back at the original derivation of these formulasin Brouwer’s paper*
showsa J, term shouldhavebeenincluded. The effectof this missing
term, however, is negligibly small.

Finally, we compare the orbital radius between SGP4 and the
epicycle equations (Fig. 3). From Fig. 3, we see that the difference
in orbital radius between the two models is on the orderof 1 ~30 m
and that this discrepancy exists right at the initial epoch. A satel-
lite in LEO has a radial distance from Earth of about 7000 km,
and so a 1~30 m error corresponds to 10~® error in precision.
We have investigated the SGP4 model and find that when SGP4
calculates the orbital radius it includes only a J; term but no J,
term. We believe the exclusion of the J, term causes this 107°
error.

We have tried to verify the semimajor axis of the orbit by com-
puting the orbital energy in SGP4 and deriving the semimajor axis
from Eq. (1). We find, however, that the energy is not conserved
in SGP4 and that the variation in the energy is of order 107%. This
small energy error arises from the missing J, terms. Because SGP4
is a single precision propagator, this level of erroris consistent with
the machine accuracy.

Conclusions
We have investigated the SGP4 model and compared it with the
epicycleformulationfor satellite orbits. We have shown that SGP4 is
formulated only to single precisionaccuracy and cannot be extended



408 J. GUIDANCE, VOL. 24, NO. 2: ENGINEERING NOTES

to higher accuracy without the addition of more complexity in the
formulasused. We have shown how to convertthe NORAD element
setintoepicycleparametersusedin theanalyticepicycleformulation
of an orbit. This formulationis accurate to 107 and can be extended
to higher levels of accuracy if required. We have shown that the
correspondence between the NORAD elements and the epicycle
parameters provides high levels of accuracy in satellite prediction
over a timescale of 7 days.

As aresult of this work, it is now possible to use a more accurate
analytic model of satellite orbits and have access to orbital param-
eters through the widespread availability of NORAD data sets. The
analytic models can be used on the ground for mission analysis
tasks, Internet access to satellite data, and onboard satellites for
autonomous operation.
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Closed-Form Solution of Line-of-Sight
Trajectory for Maneuvering Target
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I. Introduction
I N previous studies' ™ the differential equation

F+ fr+gr=0 1

was used to describe planar elliptical trajectoriesunder a noncentral
force field, where f and g are scalar functions of the polar variables
r and 6 and/or their derivatives. It was shown that for planar motion

f=—d/D )

where [ =126 is the angular momentum and dots indicate differen-
tiation with respect to time. The application of Eq. (1) is extended
here to the study of the trajectories of a homing missile under var-
ious guidance laws. It is shown that scattered published results in
the literature can all be derived from Eq. (1). Moreover, a trajectory
equation is derived for a homing missile in the case where the target
velocity and the missile velocity are varying.

II. Guidance Law
Equation (1) can be easily reduced to

dfry g

where r is the vector corresponding to the line-of-sight distance
r=r, —r, r, is the missile distance, and r, is the target distance
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Fig. 1 Scenario for a missile-
target interception.

from the origin (Fig. 1). Equation (3) can be written in components

form as
d (v 6 g
@ (7 ) A @

d Vg 9
E(T>+7vr—0 (5)

where v, =F is the radial component of the velocity and v, = ré
is the transverse component of the velocity. In the case where [ is
constant, Egs. (4) and (5) reduce to the case corresponding to the
closed-formsolution of generalized proportional navigation treated
by Yang et al. If the pursuer is always on the line of sight, then a
collision will result if the polar angles of the missile and target are
such that 6, (t) = 6,(t) = 6(t). Equation (3) can also be written in a
form giving the radial and transverse components of the acceleration

F—r6*=—gr+(/DF (©)
r6 +2r0 = (I/)ré @)

By differentiatingx = r cos6 and y =r sinf, one obtainsthe x com-
ponentx = v cosy and the y component y = v cos y of the velocity
vector r. They can be written as

vcosyzr'cose—résine 8)

vsinyzr'cos@-i—récose 9)
with

tany = % (10)

where y is the angle between the direction of the velocity v and the
x axis. By differentiating Eq. (10) with respect to 6, one obtains the
following equation:

1 dy r2 +2(dr/d9)? — r(d*r/d6?) an
cosy d0 ~ [(dr/d@)cos6 — rsinf]?
By noting that
1 dr/de)? 2
_ (dr/do)” +r . (12)
cos’y  [(dr/df)cosd — rsinf]?
we finally get
d 2 4+ r(d?r/do?
& -2 _ w (13)
o 2+ (dr/d)?
When Egs. (6) and (7) are used, Eq. (13) yields
dy g .,
@ = E sin” (14)
with
2
dr
sin®yr = r? = 15
sin“y =r r B (15)

where ¢ =y — 0 is the angle between v and r. Equation (14) gives
a guidance law between y and 6 (or ¥ and ) correspondingto the



